Abstract-The uncertain variable is used to model a quantity under human uncertainty, and the weighted k-out-of-n system is used to model a system of n components, which functions if and only if the total weights of functioning components is greater than k. Considering the human uncertainty in operating the system, this paper introduces the uncertain variable to the weighted kout-of-n system, and proposes a concept of uncertain weighted k-out-of-n system. Some formulas are derived to calculate the reliability index of such a system. As a generalization, this paper also studies an uncertain weighted k-out-of-n system whose weights are estimated by experts and modeled by uncertain variables instead of crisp numbers. In addition, this paper analyzes the importance measure of the components in the uncertain weighted k-out-of-n systems.
I. INTRODUCTION
I N a k-out-of-n: G system, there are totally n components, and the system functions if and only if there are at least k functioning components of those n components. Considering the different utilities of those components in the system, Wu and Chen [20] generalized the k-out-of-n: G systems into the weighted k-out-of-n: G systems in 1994. In a weighted kout-of-n system, each component is assigned a real number to indicate its weight, and the system functions if and only if the total weight of functioning components is greater than k. Since the weights may be greater than 1, the number k might be greater than the number n in a weighted k-out-of-n system.
In order to calculate the reliability index of the weighted k-out-of-n system, Wu and Chen [20] designed a recursive algorithm, which was simplified by Higashiyama [10] later. In 2005, Chen and Yang [3] extended the one-stage weighted k-out-of-n systems to the two-stage weighted k-out-of-n systems. After that, inspired by Levitin et al. [11] , Li and Zuo [12] proposed a type of multi-state weighted k-out-of-n systems, and designed a method of universal generating function to evaluate the reliability of the systems. Recently, Zhu et al. [25] proposed a new approach for analyzing the Birnbaum importance patterns of k-out-of-n systems. Eryilmaz [7] presented a type of weighted k-out-of-n systems whose weights are regarded as random variables. Burkschat et al. [2] studied a type of censored sequential k-out-of-n systems, and derived the maximum likelihood estimator.
Since the concept of fuzzy set was proposed by Zadeh [24] in 1965, reliability analysis of fuzzy systems has been widely studied. In 1994, Utkin [18] studied reliability index of many types of fuzzy repairable systems, including the series, parallel, k-out-of-n systems. Then Cheng [4] proposed a new method to analyze the reliability of fuzzy consecutive-k-outof-n systems; Wu [19] discussed the fuzzy Bayes point estimators of system reliability for the fuzzy k-out-of-n system; Guan and Wu [9] extended the fuzzy k-out-of-n systems into the consecutive-k-out-of-n systems with fuzzy states. In 2011, Ebrahimipur et al. [6] introduced an optimization problem of multi-state weighted fuzzy k-out-of-n systems, and solved the programming models via the genetic algorithm.
Except for randomness and fuzziness, there are some other types of indeterminacy, for example, the human uncertainty. In order to model the human uncertainty arising from human's belief degree on the chance that some event may occur, Liu [13] proposed an uncertain measure to indicate the belief degree based on normality, duality and subadditivity axioms. Then an uncertain variable is used to model a quantity under human uncertainty, and an uncertainty distribution is used to model the uncertain variable. So far, many works have been done in this area. For example, Liu and Ha [17] and Yao [22] proposed some formulas to calculate the expected value and variance of an uncertain variable, respectively. Dai and Chen [5] verified the linearity of the entropy operator for uncertain variables. Gao and Qin [8] presented some formulas to calculate the edge-connectivity degree of an uncertain graph. Yang and Gao [21] applied the uncertain linear-quadratic differential game to the resource extraction problems. Yao and Zhou [23] investigated the ruin time of an insurance company by modeling the claims via an uncertain renewal reward process.
In 2010, Liu [16] proposed the concept of uncertain system based on uncertain variables, and he calculated the reliability index of the uncertain series, parallel and k-out-of-n systems. In the uncertain k-out-of-n system by Liu [16] , all the components are assigned the same weights, which means they are assumed to have the same utilities. This assumption restricts the wide applications of uncertain k-out-of-n systems as the utilities of the components may vary from each other in the real cases. That motivates us to investigate the uncertain weighted k-out-of-n systems as a generalization. In this paper, we will analyze the reliability of the uncertain weighted k-out-of-n systems, and calculate the importance measure of the components in such systems. The rest of this paper is organized as follows. In Section 2, we will introduce some basic concepts and formulas about uncertain variables. Then we will introduce the uncertain weighted k-out-of-n system and derive some formulas to calculate its reliability index in Section 3. Based on these formulas, we will also design an algorithm to calculate the reliability index. Then in Section 4, we will extend the weights of the uncertain weighted k-out-ofn system from crisp numbers to uncertain variables, and study the k-out-of-n system with uncertain weights. In Section 5, we will derive some formulas and design some algorithms to calculate the importance measure of the components in uncertain weighted k-out-of-n systems. Finally, some remarks will be made in Section 6.
II. PRELIMINARY
In this section, we introduce some basic concepts and formulas about uncertain variables. The uncertain variable, which is used to model a quantity with human uncertainty, is a measurable function on an uncertainty space. 
Definition 2. (Liu [13] ) An uncertain variable ξ is a measurable function from the uncertainty space (Γ, L, M) to the set of real numbers, i.e., for any Borel set B of real numbers, the set {ξ ∈ B} = {γ ∈ Γ | ξ(γ) ∈ B} is an event.
An uncertain variable ξ is called a Boolean uncertain variable if it can only take the values either 0 or 1. [14] ) The uncertain variables ξ 1 , ξ 2 , · · · , ξ n are said to be independent if An uncertain variable is said to be continuous if it has a continuous uncertainty distribution. An uncertain variable ξ is said to be linear if it has an uncertainty distribution
Definition 3. (Liu
denoted by L(a, b). An uncertain variable ξ is said to be lognormal if it has an uncertainty distribution
. It is easy to verify that linear uncertain variables and lognormal uncertain variables are both continuous uncertain variables.
For an uncertain variable ξ, the function
is called the inverse uncertainty distribution of ξ. It is essentially the generalized inverse function of the uncertainty distribution of ξ. The inverse uncertainty distributions of linear uncertain variable L(a, b) and lognormal uncertain variable LOGN (e, σ) are
respectively. [15] ) Let ξ 1 , ξ 2 , · · · , ξ n be some independent uncertain variables. Then for a strictly increasing function
Theorem 1. (Liu
Let ξ and η be two positive uncertain variables. Then according to Theorem 1, we have
Theorem 2. (Liu [15] ) Assume ξ 1 , ξ 2 , · · · , ξ n are independent Boolean uncertain variables such that M{ξ i = 1} = α i and
where x i take values either 0 or 1 for i = 1, 2, · · · , n, respectively.
III. k-OUT-OF-n SYSTEMS WITH CRISP WEIGHTS
In a k-out-of-n: G system, there are totally n components with indifferent utilities, and the system works if and only if at least k components work. In a weighted k-out-of-n: G system, these n components have different utilities which are represented by the weights w i 's, and the system works if and only if the total weight of the working components is greater than k. Please note that the weights w i 's might be greater than 1, so k might be greater than n. Considering the human uncertainty in the system, we assume the reliability of each component is described by an uncertain variable, and we study the uncertain k-out-of-n system with crisp weights in this section.
Let the Boolean uncertain variable ξ i denote the ith component with a reliability index α i , and let w i denote the weight of the ith component when it functions, i = 1, 2, · · · , n. Then the weighted k-out-of-n: G system works if and only if
and the reliability index of the uncertain weighted k-out-of-n: G system is defined by
Example 1. Consider an uncertain weighted k-out-of-n: G system with k = 5 and n = 6. The reliability indexes and the weights of its components are given in Table I . In order to calculate the reliability index of such a system by using Theorem 2, we introduce a Boolean function
and model the system via a Boolean uncertain variable ξ = f (ξ 1 , ξ 2 , · · · , ξ n ). Since there exits a combination
Noting that
we have RI = 1 − 0.5 = 0.5 according to Theorem 2.
Theorem 3. Let ξ 1 , ξ 2 , · · · , ξ n be independent Boolean uncertain variables. Then the reliability index of the uncertain weighted k-out-of-n: G system (1) is
Proof: Define a function
Then the reliability index of the weighted k-out-of-n: G system (1) is
By using Theorem 1, we have
The theorem is proved.
Example 2. Consider the weighted k-out-of-n: G system in Example 1. There are 40 combinations for (x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ) such that
Comparing these combinations, we find that (1, 1, 0, 1, 0, 1) is the optimal combination, and
Based on Theorem 3, a numerical method could be designed to calculate the reliability index of the uncertain weighted k-out-of-n: G system. Firstly, we enumerate all the possible states of the components. Secondly, we find out those states of the elements which satisfy the constraints. Lastly, we calculate the reliability index of the system under each state, and find the optimal one which is just the reliability index of the system. However, this numerical method is of high computational complexity. In order to design an efficient algorithm, we derive a formula to calculate the reliability index of the k-out-of-n: G system via the inverse uncertainty distribution.
Theorem 4. Let ξ 1 , ξ 2 , · · · , ξ n be independent Boolean uncertain variables. Then the reliability index of the uncertain weighted k-out-of-n: G system (1) is
are some real functions for i = 1, 2, · · · , n, respectively.
Proof: For simplicity, write
On the one hand, for any given α l < α 0 , let ξ l1 , ξ l2 , · · · , ξ lp denote those components whose reliability indexes α l1 , α l2 , · · · , α lp are greater than α l . Since
Then by using the monotonicity of uncertain measure and the independence of uncertain variables, we further have
The above inequality holds for any α l < α 0 , so
On the one hand, for any given α u > α 0 , let ξ u1 , ξ u2 , · · · , ξ uq denote those components whose reliability indexes α u1 , α u2 , · · · , α uq are less than α u . Since
According to the duality of uncertain measure, we have
The above inequality holds for any α u > α 0 , so
It follows immediately from Inequalities (2) and (3) that
Example 3. Consider the uncertain weighted k-out-of-n: G system in Example 1. Since
it follows from Theorem 4 that the reliability index of the system is RI = 0.5.
Now, we present an algorithm to calculate the reliability index of the uncertain weighted k-out-of-n: G system (1) based on Theorem 4.
Step 1: Set j = 0, and resort the reliability indexes of the components in the descending order which are denoted by β 1 , β 2 , · · · , β n .
Step 2: Set j ← j + 1.
Step 3: If
then go back to Step 2.
Step 4: The reliability index of the system is β j .
Example 4.
Consider an uncertain weighted k-out-of-n: G system with k = 12 and n = 10. The reliability indexes and the weights of the components are given in Table II . By using the algorithm introduced above, the reliability index of the system is RI = 0.6. 
IV. k-OUT-OF-n SYSTEMS WITH UNCERTAIN WEIGHTS
In a complex weighted k-out-of-n system, the weights of the components may not be precisely obtained. In this case, we have to invite the experts to estimate the weights of these components, so we could model the weights via uncertain variables. This section will study the weighted kout-of-n system with uncertain weights. We denote the state of the components by Boolean uncertain variables ξ i 's, and denote the weights of the components by continuous uncertain variables η i 's. Then the weighted k-out-of-n: G system works if and only if
Theorem 5. Assume ξ 1 , η 1 , · · · , ξ n , η n are independent uncertain variables. Then the reliability index of the uncertain weighted k-out-of-n: G system (4) is
where w i take any real numbers and x i take values either 0 or 1 for i = 1, 2, · · · , n, respectively.
Then the reliability index of the weighted k-out-of-n: G system (4) is
Theorem 6. Assume ξ 1 , η 1 , · · · , ξ n , η n are independent uncertain variables. Then the reliability index of the uncertain weighted k-out-of-n: G system (4) is
where Φ i are the uncertainty distributions of η i , and
It follows immediately from Inequalities (5) and (6) that
The theorem is proved. Based on Theorem 6, we design an algorithm to calculate the reliability index of the uncertain weighted k-out-of-n: G system (4) as follows.
Step 0: Set ε as the degree of the precision.
Step 1: Set β 1 = 1. If
then the reliability index of the system is 1, and exist.
Step 2: Set β 2 = 0. If
then the reliability index of the system is 0, and exist.
Step 3: Set β = (β 1 + β 2 )/2. If |β 1 − β 2 | < ε, then the reliability index of the system is β, and exist.
Step 4: If
then set β 1 = β; otherwise set β 2 = β. Go back to Step 3.
Example 5. Consider an uncertain weighted k-out-of-n: G system with k = 14 and n = 10. The reliability indexes and the weights of the components are given in Table III . By using the algorithm introduced above, the reliability index of the system is RI = 0.5510. 
V. IMPORTANCE MEASURE OF WEIGHTED k-OUT-OF-n SYSTEMS The importance measure is used to evaluate the relative importance of the components in a system. In this section, we give some formulas to calculate the importance measure of the components in the uncertain weighted k-out-of-n: G systems. Based on the concept of importance measure by Birnbaum [1] for stochastic system, the importance measure of the jth component in the uncertain weighted k-out-of-n: G system is
Theorem 7. Let ξ 1 , ξ 2 , · · · , ξ n be independent Boolean uncertain variables. Then the importance measure of the jth component in the weighted k-out-of-n: G system (1) is
Proof: According to Theorem 4, the reliability index of the system when the jth component functions is
and the reliability index of the system when the jth component fails is
Then the theorem follows immediately from Equation (7).
Based on Theorem 7, an algorithm to calculate the importance measure of the components in the uncertain k-out-of-n system with crisp weights is stated as follows.
Step 1: Set j 1 = 0 and j 2 = 0, and resort the reliability indexes of the components in the descending order which are denoted by β 1 , β 2 , · · · , β n .
Step 2: Set j 1 ← j 1 + 1.
Step 3: If i =j w i 1 i (β j1 ) + w j < k, then go back to Step 2.
Step 4: The reliability index of the system when the jth component functions is β j1 .
Step 5: Set j 2 ← j 2 + 1.
Step 6: If
then go back to Step 5.
Step 7: The reliability index of the system when the jth component fails is β j2 .
Step 8: The importance measure of the jth component in the system is β j1 − β j2 .
The algorithm is of low computational complexity. To find the exact value of the importance measure of a component, we need at most O(n) steps, so it works well for an uncertain weighted k-out-of-n system with large values k and n.
Example 6. Consider the uncertain weighted k-out-of-n: G system with k = 12 and n = 10 in Example 4. By using the algorithm above, the importance measure of the 2nd component is IM 2 = 0.1. In fact, when the 2nd component functions, the reliability index of the system is 0.6; when the 2nd component fails, the reliability index of the system is 0.5. Hence, the importance measure of the 2nd component is IM 2 = 0.6 − 0.5 = 0.1.
When the weights of the components are uncertain variables in the weighted k-out-of-n: G system, the importance measure of the jth component is
Theorem 8. Assume ξ 1 , η 1 , · · · , ξ n , η n are independent uncertain variables. Then the importance measure of the jth component in the weighted k-out-of-n: G system (4) is
Proof: According to Theorem 6, the reliability index of the system when the jth component functions is
Then the theorem follows immediately from Equation (8) .
Based on Theorem 8, an algorithm to calculate the importance measure of the components in the uncertain k-out-of-n system with uncertain weights is stated as follows.
Step 1: Set β 11 = 1. If
then the reliability index of the system when the jth component functions is β 1 = 1, and go to Step 5.
Step 2: Set β 12 = 0. If
then the reliability index of the system when the jth component functions is β 1 = 0, and go to Step 5.
Step 3: Set β 1 = (β 11 + β 12 )/2. If |β 11 − β 12 | < ε, then the reliability index of the system when the jth component functions is β 1 , and go to Step 5.
then set β 11 = β 1 ; otherwise set β 12 = β 1 . Go back to Step 3.
Step 5: Set β 21 = 1. If
then the reliability index of the system when the jth component fails is β 2 = 1, and go to Step 9.
Step 6: Set β 22 = 0. If
then the reliability index of the system when the jth component fails is β 2 = 0, and go to Step 9.
Step 7: Set β 2 = (β 21 + β 22 )/2. If |β 21 − β 22 | < ε, then the reliability index of the system when the jth component fails is β 2 , and go to Step 9.
Step 8: If
then set β 21 = β 2 ; otherwise set β 22 = β 2 . Go back to Step 7.
Step 9: The importance measure of the jth component in the system is β 1 − β 2 . The algorithm is of low computational complexity. To find an approximate value with an error less than ε for the importance measure of a component, we need at most O(n) · (− log ε) steps, so it works well for an uncertain weighted k-out-of-n system with large values k and n.
Example 7. Consider the uncertain weighted k-out-of-n: G system with k = 14 and n = 10 in Example 5. By using the algorithm above, the importance measure of the 6th component is IM 6 = 0.0490. In fact, when the 6th component functions, the reliability index of the system is 0.6000; when the 6th component fails, the reliability index of the system is 0.5510. Hence, the importance measure of the 6th component is IM 6 = 0.6000 − 0.5510 = 0.0490.
VI. CONCLUSION
This paper proposed an uncertain weighted k-out-of-n system, and derived a formula to calculate its reliability index. As a generalization, it also introduced a k-out-of-n system whose components have both uncertain reliability indexes and the uncertain weights. Besides, this paper studied the importance measure of the components in the uncertain weighted k-outof-n systems. In the future research, we will study consecutive uncertain k-out-of-n systems. 
